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We demonstrate that the prototypical two-dimensional Chern insulator hosts exotic quantum
multi-criticality in the presence of an appropriate periodic driving: a linear Dirac-like transition
coexists with a nodal loop-like transition caused by emerging symmetries. The existence of multiple
universality classes and scaling laws can be unambiguously captured by a single renormalization
group approach based on the stroboscopic Floquet Hamiltonian, regardless of whether the topolog-
ical transition is associated with the anomalous edge modes or not.
Introduction — Periodic driving provides an unprece-
dented channel to engineer exciting nonequilibrium quan-
tum phases. Of particular interest are the various topo-
logically ordered phases that can be achieved by periodic
driving, such as Floquet topological insulators [1–6], Flo-
quet topological superconductors [7–15], and various ex-
otic Floquet semimetals [16–23], as well as nodal lines
or loops [24]. Most importantly, this plethora of Floquet
topological phases can be very efficiently tuned by simple
manipulations of the drive. This versatility provides an
unrivalled opportunity to investigate the quantum criti-
cality near the topological phase transitions (TPTs).
In this Letter, we demonstrate the feasibility of in-
ducing TPTs belonging to multiple universality classes,
as well as quantum multi-criticality, by means of pe-
riodic driving in an otherwise ordinary, noninteracting
topological insulator. This result is remarkable, given
that in static systems with local Landau order param-
eters these features usually arise from the complicated
interplay between various interacting and kinetic energy
scales [25–29]. The identification of this unexpected
multi-criticality is based on a unified framework that
views the topological order as an momentum space inte-
gration of a curvature function [30–33], and the generic
feature that the curvature function and edge state decay
length diverge [34] at the TPTs, from which the existence
as well as coexistence of multiple universality classes and
the scaling laws are uncovered.
To demonstrate the aforementioned features, we em-
ploy a prototypical two-dimensional (2D) Floquet-Chern
insulator (FCI) that exhibits additional peculiar features
that are themselves of extreme interest. Firstly, this sys-
tem hosts so-called anomalous phases — with no static
counterpart — that break the ubiquitous bulk-edge cor-
respondence: they are characterized by a trivial stro-
boscopic bulk topology, while still exhibiting anomalous
edge modes (AEMs) in the quasienergy spectrum [35–37].
We establish that anomalous TPTs can be well captured
by stroboscopic physics and do not require knowledge
of the full-time dependence (micromotion). Secondly,
we uncover that an appropriate driving induces a nodal
loop semimetal (NLS) due to an emergent chiral mirror
symmetry, which corresponds to elusive topological nodal
loop band inversions studied in the context of the spin
Hall effect [38, 39]. This suggests the feasability of realiz-
ing exotic symmetry-induced topological states by choos-
ing specific driving strategies. We will demonstrate that
the unified scheme based on the momentum space curva-
ture function allows the application of a curvature renor-
malization group (CRG) approach [30, 31], which has
been successfully applied to determine the phase bound-
aries in numerous interacting and noninteracting mod-
els, both static and periodically driven [14, 30–33]. The
CRG approach based on the stroboscopic Floquet Hamil-
tonian unambiguously captures the TPTs despite all the
richness of multi-criticality, AEMs, and emergent nodal
loops.
Model — We consider a paradigmatic 2D FCI already
realized in photonic lattices [35, 36]. The model describes
fermions with modulated nearest-neighbor hoppings on a
square lattice:
H(t) =
∑
k=(kx,ky)
(
c†k,A c
†
k,B
)
H(k, t)
(
ck,A
ck,B
)
H(k, t) = −
4∑
n=1
Jn(t)
(
eibn·kσ+ + e−ibn·kσ−
)
. (1)
The lattice vectors b1 = −b3 = (a, 0) and b2 = −b4 =
(0, a) connect the sublattices α = A,B on which the
creation or annihilation operators c
(†)
k,α act, and σ
± refer
to Pauli matrices. A schematic illustration of the model
is provided in Fig. 1. The hoppings Jn(t) are periodically
modulated with a four-step protocol of period T , in which
during the n-th step of the cycle only the hopping Jn in
direction bn is active [36]. Furthermore, we consider the
special case of J ≡ J1 6= J2 = J3 = J4 ≡ J˜ (see Fig. 1
for clarity). Note that this type of modulation inherently
introduces a circular pattern of hoppings that enables the
propagation of edge modes in a strip geometry [35, 36].
In Ref. [35], it was shown that stroboscopic dy-
namics is insufficient to determine the correct num-
ber of edge modes generated in this model. Micromo-
tion, i.e. time evolution within a period, should be
considered explicitly by introducing a computationally
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2cumbersome time-integrated topological invariant deter-
mined from the full time evolution operator U(t, 0) =
T exp
[
−i ∫ t
0
H(t′)dt′
]
[35][71]. In general, micromo-
tion plays a crucial in role in the definition and deter-
mination of the correct topological invariants [40, 41].
However, information about the TPTs is readily deter-
mined by the gap closures in the quasienergy spectrum
at zero and pi quasienergies, which can be readily ex-
tracted from the stroboscopic bulk effective Hamiltonian
heff(k) [14]. For a general unitary 2 × 2-Floquet opera-
tor Uk(T, 0) =
(
A(k) B(k)
−B(k)∗ A(k)∗
)
, the effective Floquet
Hamiltonian defined via Uk(T, 0) = e
−iheff(k)T takes the
following form [14, 42]:
heff(k) ∝ Im[B]σx + Re[B]σy + Im[A]σz ≡ n(k) ·σ. (2)
The quasienergy dispersions of the Floquet bands
rescaled to [−pi, pi) are then obtained as the eigenvalues of
the operator heff(k)T . The topology of the stroboscopic
bulk effective Hamiltonian is mapped by the Chern num-
ber [43] which for the two-band system analyzed here is
C = − 12pi
∫ pi
−pi dkx
∫ pi
−pi dky F (k), where
F (k) = nˆ(k) · [∂kx nˆ(k)× ∂ky nˆ(k)] (3)
is the Berry curvature of the Floquet band in question.
Detection of TPTs — The Chern number C of the ef-
fective bulk Hamiltonian counts the difference between
the numbers of edge modes above and below each Flo-
quet band [35]. If edge modes exist only at quasienergy
0 or ±pi, C of each band will correctly capture the num-
ber of edge modes. However, for coexisting 0 and ±pi
modes C = 0, the bulk-edge correspondence is broken,
and we have a phase with AEMs [35]. The full phase
diagram based on time-integrated topological invariants
as defined in Ref. [35] is mapped in Fig. 1b) as a function
of the two hopping strengths J and J˜ . We can distin-
guish multiple phases which are either topologically triv-
ial, hosting only one edge mode at quasienergy 0 or pi, or
hosting AEMs. The topological phase boundaries have
an analytical form given by J˜ = J and J˜ = 13 (n− J),
where n ∈ [1, 2, 3] [36].
Using the CRG method, we now show that informa-
tion about the TPTs and their criticality can be ex-
tracted even in the presence of AEM from the strobo-
scopic Berry curvature alone, even though its integration
C is not necessarily equal to the true time-integrated
topological invariant. We first briefly summarize the
method developed originally for static systems in [30–
33, 44] and for Floquet systems in [14]. Generally, at any
system parameters M = (J, J˜), the curvature function
peaks around high-symmetry points (HSPs) k0 satisfy-
ing k0 = −k0. Across the topological phase bound-
aries described by {Mc}, the peaks diverge and flip
sign to preserve the quantization of the Chern num-
ber [30, 31, 44]. The CRG relies on the scaling procedure
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Figure 1: a) Depiction of the periodically-driven 2D tight-
binding model discussed in the main text. We consider a pe-
riodic four-step driving protocol for which the first hopping
is different from the next three, J ≡ J1 6= J2 = J3 = J4 ≡ J˜ .
b) Phase diagram obtained from the time-integrated topolog-
ical invariant, indicating the type of topological excitations
in each phase. The arrows, also shown in Fig. 2, indicate the
two classes of TPTs studied, while the red circles highlight
multi-critical points. c)-d) CRG flow diagram evaluated at
k0 = (0, 0) and k0 = (0, pi) along direction ki = kx. The color
codes indicate the log of the numerator of the CRG equa-
tion, log
[
∂2kiF (k0,M)
]
, with yellow being high values (crit-
ical lines) and blue low values (fixed lines). Choosing other
HSPs (i.e. (pi, 0) and (pi, pi)) or the direction ki = ky leads to
similar flow diagrams.
F (k0,M
′) = F (k0 + δk,M) that searches the trajectory
in the parameter space along which the diverging peak
F (k0,M) is gradually flattened [30, 31, 44]. Defining
dl ≡ δk2, dMi = M ′i −Mi, the scaling procedure yields
the RG equation
dMi
dl
=
1
2
∂2kjF (k,M)
∣∣
k=k0
∂MiF (k0,M)
. (4)
The topological phase diagram can be easily ascertained
by analyzing the critical points of (4) [42]. Furthermore,
the criticality of the TPT is characterized by the diver-
gences of both F (k0,M) and the concomitant inverse of
the full width at half maximum in directions i = x, y
expressed as FWHMi ≡ 2ξk0,i , see also Ref. [30, 31, 44].
As M → Mc, these quantities diverge like F (k0,M) ∝
|M −Mc|−γ and ξk0,i ∝ |M −Mc|−νi . The conserva-
tion of C in a phase leads to precise scaling laws relating
γ and νi. For example,
∑
i νi = 1 + 1 = γ = 2 for an
isotropic 2D Dirac model [44]. The Fourier transform
of the curvature function yields a Wannier state corre-
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Figure 2: Illustration of different TPTs (indicated by the ar-
rows in Fig. 1) in the FCI as a function of tuning parameter
M = J (b) or M = J˜ (d). a) Quasienergy dispersion exhibit-
ing Dirac-cones with linear gap closure at quasienergy pi for
J˜ = 1
3
(n− J). b) Behavior of the Berry curvature across the
TPT with linear gap closure (Lorentzians). c) quasienergy
dispersion with quadratic gap closure at quasienergy 0 for
J˜ = J [42]. d) Behavior of the Berry curvature across the
TPT with quadratic gap closures, where non-Lorentzian pairs
of peaks flip sign and change direction.
lation function, which decays exponentially in real space
due to the peak shape of the curvature function in mo-
mentum space, with ξk0,i playing the role of the correla-
tion length, and F (k0,M) serving as the analog of the
susceptibility in the Landau paradigm [42]. The critical
exponents {γ, νi} then characterize the universality class
of the TPT.
Quantum criticality of the TPTs — We now ana-
lyze the criticality of the different TPTs that exist in
this model, including transitions to phases with AEMs.
We apply the CRG method to the stroboscopic cur-
vature function (3) at the representative HSPs k0 =
(0, 0), (0, pi) [72] to extract the criticality of the topologi-
cal phase boundaries. Firstly, via a straightforward anal-
ysis of the CRG equations, all phase boundaries, includ-
ing those delineating AEM phases are correctly captured
by the RG flow (see Figs. 1a-b). Note that this approach
requires very little computational effort compared to the
evaluation of the time-integrated topological invariant,
since solving Eq. (4) only requires to calculate F (k,M)
at few momentum points. The fixed lines, on the other
hand, illustrate the regions where the correlation length
is shortest, indicating relatively localized Wannier states.
In the following, we focus exclusively on the critical lines,
and detail the two dramatically different critical behav-
iors uncovered in this system.
Floquet-Dirac criticality — Close to the J˜c =
1
3 (n− J)
(e.g. green arrow in Fig. 1b)) transitions, a Dirac-like
linear gap closure at the Floquet band edge takes place
at one of the HSPs (kx, ky) = (0, 0) and (kx, ky) =
(±pi,±pi), and the curvature function near the HSP has
the shape of a single Lorentzian peak. As J˜ → J˜c, the
Lorentzian peak diverges and flips sign across the transi-
tion, with critical exponents νx = νy = 1, γ = 2, fulfilling
the scaling law 2 = γ = νx + νy (up to numerical accu-
racy). This result implies that these TPTs belong to
the same universality class of a static 2D isotropic Dirac
model [45], and this critical behavior is independent of
whether in the underlying phase AEMs exist or not.
Floquet nodal loop criticality — We now analyze the
TPTs across J˜c = J (e.g. blue arrow in Fig. 1b)), for
which the gap closure is revealed to be quadratic along
the nodal loops ky = ±pi ∓ |kx|, realizing an elusive 2D
NLS. For this nodal loop case, the curvature function is
characterized by a pair of non-Lorentzian peaks symmet-
rically shifted away from the HSP in kx or ky direction
(depending on the direction of the transition), as shown
in Fig. 2b). Across the TPT, the peaks simultaneously
approach the HSP while diverging, then flip sign, and
then depart again from the HSP but in the orthogonal
direction. For simplicity, we fix the direction of the tran-
sition such that the peaks are along the ky direction be-
fore diverging. We note that, because of the boomerang
shape of the Berry curvature along the kx-direction, the
correlation length that correctly captures the conserva-
tion of the Chern number has to also be defined along the
same curve, i.e. as ξk0,x˜ ≡ 2FWHM(maxky{F (k)}) . A fit of
the curvature function for this geometry reveals γ = 32 ,
νx˜ =
1
2 , and νy = 1 (up to numerical accuracy). These
critical exponents fulfill the scaling law νx˜ + νy = γ, but
are distinct from Dirac models of any order of band cross-
ing [45].
This different behavior clearly indicates that the TPT
at J˜c = J belongs to a different universality class than
the J˜c =
1
3 (n− J) transitions described earlier. This is
remarkable, as it is not customary for a single system to
host two kinds of TPTs belonging to different universality
classes. Quite surprising is also that the two TPTs, de-
scribed by drastically different effective theories, connect
the same phases along two different parameter paths.
We now present an effective theory for this Floquet-
engineered NLS which perfectly captures this physics.
First note that in the vicinity of J˜c = J transition
line, the quasienergy dispersion around the HSPs k0 =
(0,±pi), (±pi, 0) is well described by the following:
E = ±A
√
((kx − k0,x)2 − (ky − k0,y)2)p +M2, (5)
where the parameters A, p, and M are determined nu-
merically. A fit of the quasienergy dispersion to the form
of Eq. (5) is depicted in Fig. 3a). Close to J˜c = J , p = 2
and at the transition the mass term M = 0. Remark-
ably, along the entirety of the transition line J˜c = J , the
dispersion exhibits the same shape with the same values
of p and M (except at the multi-critical point where the
dispersion is identically zero), and only its overall scaling
factor A varies as illustrated in Fig. 3b). Note that A has
no influence on the topology because it does not affect
the gap closures.
The peculiar non-Dirac quadratic gap closure of Eq. (5)
can be naturally generated along the entire J˜ = J tran-
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Figure 3: a) Two-dimensional parametric fit of the
quasienergy dispersion (upper band) to Eq. (5) around the
HSP k0 = (0,−pi) for the TPT at J˜ = J = 0.6 in the FCI.
The color bar on the left indicates the absolute error of the fit
shown as a contour plot. b) Dependence of the fitting param-
eters A, p, and M on the position of the TPT J˜ = J , showing
that only the overall scaling A changes along the transition
line.
sition line from a single 2× 2 NLS Hamiltonian
HNL = (µ− 2η(cos kx + cos ky))2σx
+ α(sin kx − sin ky)(cos kx + cos ky)σy
+ β(sin kx + sin ky)(cos kx + cos ky)σ
z, (6)
where σi are the Pauli matrices, α, β, m, µ, and η are
parameters. For µ = 0 (and arbitrary values of the other
parameters) the energy dispersion of Eq. (12) in the
vicinity of the HSPs exactly recovers Eq. (5), with the
overall scale A = η and M = 0. This model can further
reproduce all the features observed in the FCI along the
J˜ = J transition, including the shape of the Berry curva-
ture across the TPT, the value of the critical exponents,
and symmetries [42]. Surprisingly, Floquet driving real-
izes an extension of the model discussed in Refs. [38, 39]
in the context of the spin quantum Hall phases. Though
3D NLS have been abundantly discussed in the literature
[46–53], physical realizations of 2D NLS (proposed as ex-
cellent candidates for spintronics) remain elusive [54–56].
Recently proposed candidate systems include interpen-
etrating kagome-honeycomb lattices [57] and ferromag-
netic monochalcogenide monolayers [56]. Here, we see
that via a simple driving protocol on a square lattice,
the resulting Floquet-engineered Hamiltonian perfectly
realizes the full static model of a 2D NLS.
Emergent chiral mirror symmetry — The existence
of two different universality classes in a simple non-
interacting model indicates that they must be related
to different symmetries. In fact, the effective nodal loop
theory is characterized by an increased chiral mirror sym-
metry that can be traced back to the driving scheme. At
J˜ = J , the effective Floquet Hamiltonian (and corre-
spondingly the low-energy theory Eq. (12) with µ = 0)
fulfills
Mheff(kx, ky)M−1 = −heff(ky, kx) (7)
with M = σy. This symmetry acts together with charge
conjugation Cheff(kx, ky)C−1 = −heff(−kx,−ky), C =
σz ◦ K (K represents complex conjugation), to topologi-
cally protect the nodal loop from mass terms in the y and
z components [42], while it is absent for the linear Dirac
transitions along J˜c =
1
3 (n− J). The chiral mirror sym-
metry has a direct correspondence in terms of a restricted
form of the Floquet operator U(k, T ) = UT(kM, T ),
where the superscript T denotes the matrix transpose
and kM are the k-coordinates transformed under the chi-
ral mirror symmetry (in this case, M : kx ↔ ky). By
Floquet engineering the stroboscopic time evolution to
have such property, it is in principle possible to gener-
ate a whole hierarchy of effective Floquet Hamiltonians
with chiral mirror symmetry that can stabilize nodal loop
semimetal phases.
Multi-critical points — Lastly, we consider the three
multi-critical points shown in the phase diagram. Be-
cause the two kinds of TPTs of the model occur at
different HSPs, the points at J˜ = J = pi/T, 3pi/T are
found to exhibit both a peak divergence at k0 = (0, 0)
and k0 = (±pi,±pi) (linear gap closure at quasienergy
pi), and a double-peak divergence around k0 = (0,±pi)
and k0 = (±pi, 0) (quadratic gap closure at quasienergy
0). These multi-critical points therefore display a coex-
istence of both TPTs belonging to different universality
classes. The points at J˜ = J = 2pin/T , n ∈ [0, 1, 2]
are instead not critical, because there the Floquet oper-
ator U(k, T ) = eiheff(k)T is precisely the identity and the
quasienergy dispersion heff(k)T collapses to a flat band at
0. This behavior at J˜ = J = 2pi/T is also detected in the
CRG flow, where fixed lines and critical lines meet. The
loss of criticality around these points is further corrob-
orated by the fit of the quasienergy dispersion (Fig. 3),
which highlights the flat band as A→ 0.
Finally, we remark that the multiple universality
classes and the multi-criticality uncovered in the present
work can be experimentally detected in cold atomic real-
izations of the model through quantum interference maps
of the Berry curvature [58] or force-induced wave-packet
velocity measurements [59, 60]. Our work thus paves
the path for future explorations and realizations of com-
plex topological states of matter by engineering emergent
symmetries in simple systems using judiciously chosen
Floquet driving protocols.
We kindly acknowledge financial support by G. An-
derheggen and the ETH Zu¨rich Foundation, and the pro-
ductivity in research fellowship from CNPq. The authors
would like to thank T. Pereg-Barnea, H.-Y. Kee, Y.-B.
Kim, A. Schnyder, M. Rudner and T. Bzdusˇek for fruitful
discussions.
5SUPPLEMENTARY MATERIAL FOR: GENERATING QUANTUM MULTI-CRITICALITY IN
TOPOLOGICAL INSULATORS BY PERIODIC DRIVING
In the following we summarize some of the concepts and derivations used in the main text.
WANNIER STATE CORRELATION FUNCTION AND CRITICAL EXPONENTS
The critical exponents obtained from the CRG analysis can be related to those assigned to correlation length
and susceptibility in the Landau theory of phase transitions. This stems from that fact that the Fourier trans-
form of the curvature function yields a Wannier state correlation function, as we demonstrate below following the
recipe in Ref. [29] and [30] of the main text. For a 2D (stroboscopic) Hamiltonian described by (Floquet-)Bloch
states |unk〉, such as the one considered in this work, the curvature function takes the form of a Berry curvature
F (k,M) =
∑
n∈v∇k × 〈unk| i∇k |unk〉. This expression can be equivalently expressed in terms of Wannier states
|Rn〉 = 1N
∑
k e
ik·(rˆ−R) |unk〉, where N denotes the number of lattice sites, and rˆ is the position operator. We
emphasize that in our analysis of the Floquet problem we work with the Floquet bands derived from the strobo-
scopic effective Hamiltonian, and therefore the Wannier states calculated in this context are also to be interpreted as
stroboscopic states. The wave function constructed from the Wannier states describe a real-space Wannier function
Wn(r−R) ≡ 〈r|Rn〉 at position r centered at the home cell R. In this basis, the Berry curvature is written as [61–63]
F (k,M) = −i∑n∈v∑R e−ik·R 〈Rn| (R × rˆ)z |0n〉, where |0〉 denotes the Wannier function centered at the origin.
The Wannier representation allows us to draw a direct correspondence between the topological description of the
system and the theory of orbital magnetization for 2D TRS-breaking systems [64–68]. In this picture, the Fourier
transform of the curvature function yields
F˜2D(R) =
1
(2pi)2
∫∫
d2k eik·RF (k,M) = −i
∑
n∈v
〈Rn| (R× r)z |0n〉
= −i
∑
n∈v
∫
d2rW ∗n(r−R) (R× rˆ)Wn(r) ∝ e−Rx/ξkx e−Ry/ξky , (8)
which is a measure of the overlap of the Wannier function centered at R with that centered at the origin, sandwiched
by the operator (R × r)z. Note that the correlation function is a gauge-invariant observable because it is obtained
upon integrating the gauge-invariant curvature function over a closed surface.
We can see that the correlation function F˜2D(R) decays exponentially with characteristic length scales ξi, indicating
that ξi acquire the meaning of correlation lengths of the topological phase transition with the associated critical
exponents νi. Furthermore, the integration of the correlation function over real space yields
∫
F˜2D(R)d
2R = F (k0,M).
The curvature function at the high symmetry point F (k0,M) can be therefore interpreted as the analogue of the
susceptibility in the Landau paradigm. For this reason, we assign to it the exponent γ that characterizes its criticality.
Consequently, different values of {νi, γ} signify different universality classes. In Table I we summarize the critical
exponents and the low energy dispersions of the two different universality classes obtained from the model in the main
text. Details of fitting the critical exponents will be demonstrated in the following sections.
topological phase transition dispersion γ νx or νx˜ νy
J˜ = 1
3
(n− J) E ∝
√
k˜2 +M2 2 1 1
J˜ = J E ∝
√
(k˜2x − k˜2y)2 +M2 32 12 1
Table S1: Summary of the critical exponents extracted for the two different topological phase transitions existing in the
Floquet-Chern insulator, where k˜ refers to the k-coordinates around the HSPs where the corresponding gap closes.
MEASURES OF TOPOLOGY FOR FLOQUET SYSTEMS
In this section we review how to construct topological invariants for 2D Floquet systems. For a general time-
periodic system with open boundary conditions described by the Hamiltonian H(t) = H(t+ T ), the full dynamics of
the topological edge states is governed by the time evolution operator, defined as U(t) = T
{
exp
[
−i ∫ t
0
dt′ H(t′)
]}
,
6where T is the time-ordering operator and we have set the initial time t0 = 0 and ~ = 1. The operator U(t) accounts
for the full time dynamics, including the micromotion between periods. When t→ T , the time evolution operator is
typically called Floquet operator and, because of the underlying time periodicity, it fulfills U(T, 0) = U(Tm, T (m−1))
with m ∈ N. This induces a discrete quantum map that describes stroboscopic dynamics [69]. We can then define an
effective stroboscopic Floquet Hamiltonian via U(T, 0) ≡ e−iheffT that contains the full information about the system
at multiples of the driving period T . Diagonalization of heffT will then yield the stroboscopic quasienergy spectrum
α,k of the Floquet-state solutions Ψα(k, t) = exp(−iα,kt)Φα(k, t), where Φα(k, t) = Φα(k, t+T ) [69]. Because of the
T -periodicity of the Floquet modes Φα(k, t), the quasienergies are defined modulo
2pi
T = ω. Therefore, we can restrict
ourselves to consider a first “Floquet-Brillouin zone” of quasienergies α ∈ (−ω/2, ω/2). The number of stroboscopic
edge modes can be determined as a function of the driving parameters from an analysis of the quasienergy spectrum,
i.e. from gap closures and localization of 0 and pi-quasienergy states. Consequently, the topological phase diagram of
the stroboscopic system can be ascertained.
In analogy with time-independent systems, the number of edge modes in an open geometry is related to the
properties of the bulk time evolution operator via a bulk-edge correspondence [35]. We could therefore determine the
topological phase diagram by investigating the bulk time operator U(k, t) = T
{
exp
[
−i ∫ t
0
dt′ H(k, t′)
]}
. For a two-
dimensional system like the one considered here, the number of edge modes at quasienergy  can be calculated from
a topological invariant defined as the winding number of an explicitly time-dependent map S1 × S1 × S1 → U(N)
constructed from the bulk-time operator [35, 70] W [U] =
1
16pi2
∫
dtdkx dky Tr
[
U−1 ∂tU
[
U−1 ∂kxU, U
−1
 ∂kyU
]]
.
Here, U(k, t) is an operator derived from U(k, t) preserving the number of edge modes at  while smoothening the
operator at the end of the cycle to the identity, i.e. U(k, T ) = 1 [35]. This transformation is necessary, because
the winding number is equal to the number of edge modes at  only if the spectrum of the bulk operator is gapped
everywhere expect at , which can be achieved only if U(k, T ) = 1.
STRUCTURE OF THE STROBOSCOPIC EFFECTIVE HAMILTONIAN
In this section we elaborate on the structure of the low-energy theory of the topological phase transitions by
explicitly looking at the form of the stroboscopic effective Hamiltonian and the curvature function given by Eq. (2)
and (3) in the main text. The stroboscopic quasienergy dispersion θ(k) corresponding to the effective Hamiltonian
fulfills the eigenvalue equation [13]
heff(k)ψ(k) =
θk
T
ψ(k) (9)
or, equivalently,
Uk(T, 0)ψ(k) = e
−iθkψ(k). (10)
Hence, θ(k) can be derived, by calculating the eigenvalues of the Floquet operator and exploiting the identity
arccos(z) = −i log (z +√z2 − 1), to be
θ(k) = −i log λ+ = arccos
[
TrUk(T, 0)
2
]
. (11)
The behavior of θ(k) at criticality can be used to shed light on the type of topological phase transition taking place
there. Typically, the order of the gap closure is associated to the type of low energy theory.
For the four different transition lines in the phase diagram of the Floquet system analyzed in the main text, we show
in Fig. S1 contour plots of the quasienergy dispersion that illustrate the location of the gap closures. Additionally,
in Fig. S2 we also present one-dimensional cuts that depict the form of the gap closures: we can appreciate that the
topological phase transitions at J˜ = 13 (n − J) are all characterized by linear gap closures, while the one at J˜ = J
corresponds instead to a quadratic gap closure. This visual finding was also verified through a numerical fit of the
quasienergy dispersion.
COMPARISON BETWEEN FLOQUET-CHERN INSULATOR AND NODAL LOOP SEMIMETAL
In this section we compare the behavior of the stroboscopic Berry curvature in Eq. (3) of the main text for the
Floquet-Chern insulator to the one of a static effective nodal loop semimetal and show that they exhibit the same
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Figure S1: Illustration of the gap closures of the quasienergy dispersion θ(k) at a) J = 0.1[4pi], J˜ = 0.3[4pi], b) J = 0.2[4pi], J˜ =
0.6[4pi], c) J = 0.3[4pi], J˜ = 0.9[4pi], d) J = 0.6[4pi], J˜ = 0.6[4pi]. The dashed red lines indicate the cuts shown in Fig. S2
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Figure S2: Cuts of the quasienergy dispersion θ(kx) along the ky value of the HSPs, illustrating the kind of gap closure for
each topological phase transition. The values of the energy parameters are as in Fig. S1.
behavior across the corresponding topological phase transitions. For the Floquet-Chern insulator, we construct the
Berry curvature from the effective stroboscopic Hamiltonian in Eq. (2) of the main text. To obtain the Berry curvature
of the nodal loop semimetal, we use instead the static Hamiltonian
HNL = λ1 sin kxσ
x − λ2 sin kyσy + (µ− 2(cos kx + cos ky))σx, (12)
which is a simplified version of the nodal-loop Hamiltonian presented in the main text. We have verified that both
nodal-loop Hamiltonians reproduce the same behavior of the Berry curvature across the transition. The reason why
we present the results from Hamiltonian (12) is to draw a connection to Refs. [38, 39] in which it was already discussed.
A comparison of the two Berry curvatures across the topological phase transitions (J = J˜ = 0.6 for the Floquet-
Chern insulator and correspondingly λ1 ' λ2 = µ for the nodal loop semimetal) is shown in Fig. S3 and reveals an
excellent agreement between the two systems, indicating that the low-energy theory of the topological phase transition
in the Floquet-Chern insulator is in fact a nodal loop semimetal.
As explained in the main text, the curved shape of the Berry curvature along the kx-direction modifies the scaling
8Figure S3: a) The Berry curvature across the topological phase transitionfor the Floquet-Chern insulator (J˜ in units of 4pi). b)
The Berry curvature across the topological phase transitionfor the nodal loop semimetal. Note that for an easier comparison,
λ1 was chosen to be slightly different than λ2 = µ. Furthermore, the normalized absolute value of the Berry curvature was
plotted.
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Figure S4: Power law fit (solid lines) of the diverging quantities in the nodal loop semimetal extracted from the normalized
Berry curvature. The fitted data is indicated by the dots.
law that captures the conservation of the Chern number. To recollect this scaling law, the correlation length must
also be defined along the same curve, e.g. as ξk0,x˜ ≡ 2FWHM(maxky{F (k)}) . Following this idea, we have additionally
extracted the critical exponents from the Berry curvature by performing a numerical fit of the diverging quantities
F [k0], ξx˜, and ξy, shown in Fig. S4. The exponents are γ ≈ 1.491, νx˜ ≈ 0.499, νy ≈ 1.000, which fulfill the (anisotropic)
Dirac theory scaling law νx˜ + νy = γ.
Finally, we note that in the Floquet-Chern insulator, all points along the transition line J˜ = J , with the exception
of the flat band points, are mapped to the same diagonal transition µ = λ1 = λ2 in the phase diagram of the static
nodal loop semimetal. We have confirmed this by performing similar fits at other values of J˜ = J , and obtained
comparable results as the one shown in Fig. S4.
9EMERGENT SYMMETRY OF THE NODAL LOOP SEMIMETAL
We have numerically verified that the Floquet effective Hamiltonian fulfills the following symmetry operations:
Cheff(kx, ky)C−1 = −heff(−kx,−ky) with C = σz ◦ K (13)
Iheff(kx, ky)I−1 = heff(−kx,−ky) with I = σx (14)
Dheff(kx, ky)D−1 = heff(kx ± pi, ky ± pi) with D = σz (15)
These symmetries are charge conjugation, inversion, and displacement by ±pi (reduction of the Brillouin zone to half).
Additionally, at J˜ = J corresponding to the nodal loop low-energy theory, a new symmetry emerges:
M¯heff(kx, ky)M¯−1 = −heff(ky, kx) with M¯ = σy. (16)
We term this symmetry “chiral mirror symmetry”, as it can be decomposed into a combination of a mirror symmetry
M and chiral or sublattice symmetry S. We note however that the two separate symmetry operationsM and S need
not be fulfilled when chiral mirror symmetry is present, much likely a chiral symmetry can exist on its own even when
time-reversal and charge-conjugation symmetries are not separately fulfilled [43]. In fact, we empirically verified that
the effective Floquet Hamiltonian does not have separate mirror and chiral symmetries.
A possible nodal loop Hamiltonian that incorporates all the symmetries above is
HNL = X(kx, ky)σ
x + Y (kx, ky)σ
y + Z(kx, ky)σ
z (17)
= (µ− 2η(cos kx + cos ky))2σx + α(sin kx − sin ky)(cos kx + cos ky)σy
+ β(sin kx + sin ky)(cos kx + cos ky)σ
z. (18)
The combination of charge conjugation and chiral mirror symmetry protects the nodal loop Hamiltonian (18) from
mass terms. Chiral mirror symmetry implies Y (kx, ky) = −Y (ky, kx), which forbids mass terms in σy. Charge
conjugation instead implies Z(kx, ky) = −Z(−kx,−ky), which forbids mass terms in σz. The parameter µ controls
the gap closure, such that the nodal loop sits at zero (quasi)energy when µ = 0 (and correspondingly J˜ = J for the
Floquet-Chern insulator).
The chiral mirror symmetry is a direct consequence of the driving scheme applied to the Chern insulator and can
be reformulated as a property of the Floquet operator U(k, T ):
M¯heff(kx, ky)M¯−1 = −heff(ky, kx) (19)
⇐⇒ h∗eff(kx, ky) = heff(ky, kx) (20)
⇐⇒ (logU(kx, ky;T ))∗ = − logU(ky, kx;T ) (21)
⇐⇒ logU∗(kx, ky;T ) = logU−1(ky, kx;T ) (22)
⇐⇒ U(kx, ky;T ) = UT(ky, kx;T ) (23)
This property can be generalized to other forms of mirror symmetries, such as reflections with respect to a different
axis (kx ↔ ky is a reflection with respect to aˆ = 1√2 (1, 1) in k-space). The general condition to have chiral mirror
symmetry in the effective theory of the Floquet Hamiltonian is then
U(k, T ) = UT(kM, T ) (24)
where kM are the k-coordinates transformed under the chiral mirror symmetry and T is matrix transposition.
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